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(7.3.2) Let E be a compact metric space. If a subalgebra A of&c(E) contains
the constant functions, separates points ofE, and is such that for eachfeA
the conjugate function J also belongs to A, then A is dense in #C(E).
We remark that for any/e A, «/=£(/+/) and <//= (/-/)/2z also
belong to A; hence, if A0 is the (real) subalgebra of A consisting of real-
valued functions, it follows at once from the definition that A0 separates
points of E and contains the (real) constant functions. Therefore A0 is
dense in ^R(E), and the density of A in *C(E) = #E(E) 4- «?tt(E) follows
at once, since A = A0 + /A0.
4. APPLICATIONS
In the Stone-Weierstrass theorem, take for E any compact subset of Rn,
and for A the algebra of the restrictions to E of the polynomials in the n
coordinates. The separation condition is satisfied, since for two distinct
points of E, at least one of the coordinates has distinct values. Hence we have
the original Weierstrass approximation theorem:
(7.4.1)   Any real-valued continuous function on a compact subset E ofW is
the limit of a sequence of polynomials which converges uniformly in E.
Take now for E the unit circle x2 + y2 = 1 in R2, parametrized by the
angle nt, so that continuous functions on E can be identified with continuous
functions on R having the period 2 (see Chapter IX). Take for A the (complex)
algebra generated by the constants and the functions enit and e~mt; it is
N
immediate that the elements of A are the trigonometric polynomials  V cn e™lt.
»--N
As the function enit separates the points of E, all the conditions of (7.3.2) are
satisfied, hence:
(7.4.2) Any continuous complex-valued function on R, which is periodic of
period 2, is the limit of a sequence of trigonometric polynomials, which con-
verges uniformly in R.
This last result enables us to give a proof of the following fact, which
was announced in Section 6.5:

